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Abstract

This paper addresses the challenge of assessing the reliability of complex mechanical systems where
components are inherently correlated in their failure modes. Traditionally, the assumption of
independence among these components has been employed, but it often fails to capture the real-world
complexities. To overcome this limitation, copula functions are introduced as a robust methodology for
modeling the dependent relationships between correlated variables within mechanical systems. This
paper aims to demonstrate the utility of copulas in estimating system reliability while accounting for these
dependencies. The results reveal that the Clayton copula emerges as the most suitable model for
representing dependence in such systems. Importantly, the reliability estimates obtained through copula-
based methods not only reflect the complex interdependencies accurately but also align with the
principles of the boundary theory of reliability. This research underscores the potential of copula-based
reliability estimation as a valuable alternative, offering a more comprehensive and precise assessment
of reliability in complex mechanical systems and holding significant promise for practical engineering
applications. This framework allows the consideration of dependence among the observed variables that
is usually overlooked in engineering practice.

Keywords: Reliability, Copula functions, Mechanical system, Dependent case, Correlation
Abstrak

Paper ini mengatasi tantangan dalam menilai keandalan sistem mekanikal kompleks di mana komponen-
komponennya secara inheren berkorelasi dalam mode kegagalan mereka. Secara tradisional, asumsi
independen di antara komponen-komponen ini telah digunakan, tetapi seringkali gagal untuk menangkap
kompleksitas dunia nyata. Untuk mengatasi keterbatasan ini, fungsi copula diperkenalkan sebagai
metodologi yang kuat untuk memodelkan hubungan yang saling bergantung antara variabel-variabel
yang berkorelasi dalam sistem mekanikal. Paper ini bertujuan untuk mendemonstrasikan kegunaan
copula dalam memperkirakan keandalan sistem dengan mempertimbangkan dependensi ini. Hasil
penelitian menunjukkan bahwa copula Clayton muncul sebagai model yang paling cocok untuk
merepresentasikan dependensi dalam sistem-sistem seperti itu. Yang lebih penting, estimasi keandalan
yang diperoleh melalui metode berbasis copula tidak hanya mencerminkan interdependensi yang
kompleks dengan akurat, tetapi juga sejalan dengan prinsip-prinsip teori batas keandalan. Penelitian ini
menggarisbawahi potensi estimasi keandalan berbasis copula sebagai alternatif yang aplikatif,
menawarkan penilaian keandalan yang lebih komprehensif dan akurat dalam sistem mekanikal
kompleks dan memiliki potensi besar untuk aplikasi rekayasa praktis. Metode yang diusulkan dapat
digunakan untuk memodelkan hubungan antar variabel yang sering kali diabaikan dalam praktik
rekayasa.

Kata kunci: Keandalan, Fungsi copula, Sistem mekanikal, Kasus dependensi, Korelasi
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Introduction

Reliability assessment for mechanical
systems is essential to keep all components
functioning. There has been various research
on how reliability assessment is approached
considering the lifetime of each mechanical
component. Traditional reliability approaches
were used to optimize maintenance strategy,
estimate the reliability level of a machine, and
assign maintenance tasks based on failure
modes (Aritonang, 2023; Maukar et al., 2016;
Mustaqim et al., 2020). Li et al. (2023) proposed
a model incorporating machine production rate
to analyze preventive maintenance activities.
They used multiple degradation-driven
preventive maintenance to achieve a more
comprehensive solution. Louzada et al. (2022)
used Monte Carlo (MC) simulation to evaluate
failure times under a manual repair framework.
In addition, Avontuur & van der Werff (2002)
analyzed the reliability of mechanical and
hydraulic systems based on finite element
analysis. The model was able to describe the
non-linear behavior of the systems. The
reliability of mechanical systems was improved
by introducing other advanced techniques such
as the Wiener process, inverse Gauss, and
accelerated life testing (ALT) to model the
failure mechanisms (de Reffye & Dersin, 2010;
Jiang et al., 2023; Woo & O’Neal, 2019). Non-
homogeneous Poisson process (NHPP) was
also used to optimize the reliability of systems
under some stresses (Feizabadi & Jahromi,
2017; Wei & Liu, 2023). The proposed models
were able to reduce procurement and
maintenance costs. However, computational
issues are always found when assessing
reliability using traditional approaches (Hu et al.,
2019). Furthermore, mechanical systems are
more challenging when dealing with reliability
assessment. Independence between the
observed variables is usually assumed; thus,
the  dependency between  mechanical
components is frequently overlooked.
Considering dependent relations between
components is complex and prone to many
uncertainties (An et al., 2016; Liu et al., 2012).
A failure to consider this dependent relation will
lead to imprecision and significant error when
assessing the reliability of correlated
mechanical components (Gu et al., 2022). The
most traditional approach that considers
dependent relations between variables only
involves correlation coefficients in their
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reliability assessment models (Li et al., 2018;
Yu & Wang, 2018). The disadvantages of these
proposed methods are that correlation
coefficients can only take linear dependency
and are not flexible enough to take more than
two variables. Monte Carlo (MC) simulation was
also used to estimate the reliability of systems
considering dependence structure (Bian et al.,
2023; Stern et al.,, 2017). However, a more
advanced technique, such as Finite Element
Analysis (FEA), must be incorporated. Another
method uses the Bayesian Network to model
the correlations between variables. Bayesian
Networks (BN) can construct the structure’s
functions and eliminate the independent
assumption (Chen et al., 2021; Xiahou et al.,
2023). In addition, Xiao et al. (2022) proposed a
reliability assessment method by integrating
Kriging predictions and parallel learning
strategies. Although several studies have
worked on the dependent issue, the usual
proposed methods are not flexible enough.
Linear relationships are usually assumed, and
the methods cannot involve more than two
variables. Thus, a more flexible and robust
method is needed to capture the dependence
structures between correlated variables.

Copula function is a mathematical approach
combining two or more correlated variables by
transforming the original data into copula
domains. Copula functions have been widely
used in many disciplines, from business and
economics to science and engineering. Copula
functions are flexible to model correlated
variables as they do not require any univariate
distribution function to be identified. Copula
functions can also accommodate multivariate
modeling involving more than two variables
(Pranowo & Ramadhani, 2023; Ramadhani et
al,, 2021). Copula functions used to model
correlated variables in reliability assessment
are usually implemented in structural reliability
assessment considering geotechnical and
environmental loads acting on the observed
structures (Amini et al., 2021; Ramadhani et al.,
2022a, 2022b; Wang & Li, 2019; Wu, 2015).
Thus, applying copula functions to capture any
dependence structures between correlated

variables needs further investigation for
mechanical systems.
This paper aims to introduce copula

functions to capture the dependent relation
between mechanical components. The
Archimedean copulas family is used to illustrate
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dependence modeling. Previous studies only
focused on applying the normal copula, t copula
and Clayton copula, which cannot describe all
possible characteristics of data distribution.
Archimedean copula families can model data
that show heavy-tailed data in the upper and
lower domains, and data that show no heavy-
tailed pattern. A simplified case is selected to
illustrate the copula-based reliability
assessment. To compare the results, three
scenarios are used to estimate the reliability of
mechanical components: independent, copula-
based, and weakest link.

Methodology

Introduction to Copula Functions

Sklar introduced copula functions back in
1959, where copula functions were able to
combine two or more correlated variables.
Copula functions can model joint probability
distributions where their univariate marginal
distributions were not the main concern
(Nelsen, 2006). Sklar's Theorem mentioned
that let H be the n-dimensional distribution
functions with their univariate distribution
F,,F,, ..., E,, then a copula C exists such that.

H(xq, X5, oy Xpy) Eq. 1

= C(Fy(x1), F2(x3), ..., By (%))

From Sklar's Theorem, it can be reiterated
that copula functions do not require the
univariate marginal distribution to be identified.
The observed random variables are uniformly
transformed in the copula domains on [0,1]
(Nelsen, 2006). The transformation of real data
into copula domain can be performed by
following pseudo-observation that satisfies the
following equation.

R, nE(X)
n+1 n+1

Eq. 2
Ui= q

Where R; is the ranks of each data, and n is
the number of observations, and E is the
empirical cumulative function.

Copula functions are then classified as

C(uq,uy, .., uy) = P(U; < uy, Uy
< Uy, .., U, uy)

Eq. 3

There are many copula functions to choose
from. In this paper, the Archimedean copulas
family is selected due to their flexibility to be
reproduced. Out of all Archimedean copulas,
Clayton, Gumbel, and Frank copulas are used
to model the correlated variables in this paper.

The probability distributions of these copulas for
bivariate cases are presented in Table 1.

Table 1. Probability  distributions  for  bivariate
Archimedean copulas and their parameter (6)

Copula Co(uy,uy) 0¢€
Clayton (urf +uy? - 1)_1/0 (1,00)
expi—[(=Inu,)?

Gumbel tl o [1, )
+(=In uz)e] }
1
—5111 <1
Frank (e_ulg _ 1)(e_u29 _ 1)) (_00, 00)
+ —0
e"-1

Copula-based Reliability of a Series System

The reliability of a series system is explained
that if one component fails, the whole system
will fail. The schematic diagram of the reliability
of a series system is shown in Figure 1. The
reliability of a mechanical system is often a
function of time, number of cycles, milage, and
others.

Figure 1. Reliability of a series system

Let a mechanical system be composed of n
components in series, their life data variable
(T4, Ty, ...,T,), and the joint probability
distribution H(ty, ty, o, ty) = P{Ty < t;, T, <
ty, .., T, <t,}. For a series system, the
reliability of the system is expressed by the
smallest life of all units (An et al., 2016). The
reliability of a series system consisting of two
components is denoted as R(t)=
P{min(T,,T,) >t} =P{T, > t, T, >t} =1—
(FL®O +F(0) + P(T, <t T, <t)

Substituting a copula to model the joint
probability of P(T, <t T, <t), the copula-
based reliability equation for a series system is
then denoted as

RO =1-FKO -F0®
+ C(F, (1), F2(£); 6)

Eq. 4

Copula-based Reliability of a Parallel
System

For a parallel system, the failure of all
components in the unit will lead to the failure of
the system. The schematic diagram of a parallel
system is shown in Figure 2. The biggest life of
all units in a system expresses the reliability of
a parallel system. The reliability of a parallel
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system consisting of two components is
expressed as
R(t) = P{max(T,, T,) > t}
=1—-P{T, <t,T, <t}

Replacing the joint probability of P{T; < t, T, <
t} with a Copula will result in a copula-based
reliability equation for a parallel system as
follows.

R(t) =1 — C(F,(t),F,(t);6) Eq. 5

Figure 2. Reliability of a parallel system

Results and Discussions

A case study was selected to illustrate the
application of copula functions to estimate the
reliability of a mechanical system. In this paper,
a mechanical system consisting of the crank
and connecting rod is selected. These two
components work as a series system. Data is
generated based on a selected case study. The
crank and connecting rod of a diesel engine are
selected as the case in the paper, and their life
distribution (in mileage) follows the lognormal
and Weibull distribution, respectively (Gu et al.,
2022). The distribution parameters of the life
data of the crank and connecting rod are
presented in Table 2.

Table 2. Distribution parameters of the crank and
connecting rod

Shap Scale Stan
Comp | Distrib e Me | dard
. para .
onent ution para an | devi
meter X
meter ation
Crank | Lognor 10.
mal 90 1.23
Conne .
cting Weibul | 4802 136
| 1.18
rod

Figure 3 shows the generated life distribution
data between the crank and connecting rod
correlates strongly. The data will scatter more if
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the two variables do not show any strong
correlation. Thus, assuming independence
between the life data of the crank and
connecting rod will result in misinterpretation of
the actual data trend. Clayton, Gumbel, and
Frank Copulas are then used to model the
bivariate dependence between the observed
variables. The parameter of each copula is
estimated, and the best copula model is
determined by the Akaike Information Criterion
(AIC) value. Compared to Mean Square Error
(MSE), AIC gives a more accurate and stable
result. MSE tends to converge to local extremes
or even potentially diverge (Pranowo &
Ramadhani, 2023). In addition, AIC is also
more practical in engineering application. Table
3 shows the parameters for each copula along
with their AIC values, while Figure 4 shows the
probability distribution of the fitted copulas to
the life data.

Table 3. Copula parameters and their AIC values

Copula Parameter () AlC
Clayton 1.0064 190.4097*
Gumbel 1.7077 253.7201
Frank -4.4404 223.0998

*Indicates the best copula model

From Table 3, the copula parameter is
estimated using the maximum loglikelihood
estimation (MLE) method. Table 3 also shows
that Clayton has the smallest AIC value,
indicating the best-fitted copula to model the
correlated bivariate case of the observed
variables. This result is also validated in Figure
4. Clayton copula tends to generate correlated
data showing a heavy tail in the lower bound
area, as seen in Figure 3. Thus, the Clayton
copula is selected to model the dependence
between the connecting rod and crank to
estimate the reliability between these two
components.

After investigating the dependence between
the observed variables and the best copula
model is selected, the system’s reliability is then
estimated Thus, Equation 3 is used to estimate
the reliability of a series system. Three
scenarios are presented to investigate the
advantage of using copula functions to estimate
the system's reliability. Figure 5 shows the
estimated reliability of the crank and connecting
rod system, considering three different
scenarios. The first scenario is that the
relationship between the crank and connecting
rod is independent. The second scenario
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considers the dependent relation between two
variables modeled using the copula functions.
The last scenario, considering the system's
reliability, is estimated using the weakest link
theory. This theory explains that in every
system, there must be at least one variable that
limits the performance of the system. In this
paper, the weakest link is the component that
has the smallest value of component reliability.
Figure 5 shows that reliability estimated using
Clayton copula results in higher values
compared to the independent case and the
weakest link theory. This result is because
copula-based reliability estimation considers
adding the copula value to describe the
relationship between two correlated variables.
Thus, the ignorance of this dependence will
result in an inaccurate estimation of the
system’s reliability. The reliability of the weakest
link acts as the upper bound in this comparison.

Thus, the estimated copula-based reliability is
still between the upper and lower bounds.
These results satisfy the boundary theory of
reliability, which states that the lower bound of
a system’s reliability is estimated from the
assumption of an independent case. While the
upper bound is obtained from the weakest link
(Gu et al., 2022; Tang et al., 2013). Figure 6
shows the comparison of the estimated
reliability modelled using three different
Archimedean copula functions. From this figure,
the best fitted copula: Clayton function, results
in slightly different result and trend compared to
the other two copulas in higher mileage. This is
because the main characteristic of Clayton
copula is that it generates heavy-tailed data in
lower domain. All in all, incorporating copula
functions to estimate the reliabilty of a
mechanical system is effective and practical.
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Figure 3. Scatter plots for the life distribution between crank and connecting rod in (a) original domain, (b)
copula domain.
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Figure 4. Probability distribution of (a) Clayton, (b) Gumbel, (c) Frank copulas
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Figure 5. The estimated reliability of a series system considering three different scenarios
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Figure 6. The estimated reliability of a series system considering different copula functions

Conclusion

The Archimedean copulas family is
introduced to propose a copula-based reliability
estimation for a mechanical system. Clayton,
Gumbel, and Frank copula are selected to
model the dependence between the correlated
crank and connecting rod. The generated life
data of the crank and connecting rod show a
strong correlation, which shows that the
independent assumption to calculate the
system’s reliability is irrelevant. From the fitting,
the Clayton copula is the best copula to capture
the dependence of the life data between the
crank and connecting rod. The reliability of the
series system between the crank and
connecting rod is carried out by incorporating
the Clayton copula into the model. Reliability
estimation using copula provides more relevant
and reasonable results. The reliability of the
series system obtained using a copula can
satisfy the boundary theory of reliability. The
copula-based reliability values are between the
reliability for the weakest link and independent-
based reliability, which act as the upper and
lower bound, respectively. Incorporating copula
functions to estimate mechanical system
reliability  provides new insights and
perspectives on eliminating the assumption of
independence between the observed variables.

The proposed method can be implemented to
model any dependence structures found in
identifying failure modes in estimating the
reliability of mechanical systems. Future
research includes the study of copula-based
reliability estimation for parallel mechanical
systems, considering different failure modes in
a mechanical system, and using different
copula families.
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